
4th Conference on Causal Learning and Reasoning (CLEAR 2025)

• Problem Statement
- A multi-domain setting where the underlying causal 
mechanisms are invariant.
- The distribution of exogenous noise varies between 
domains.

- : Probability measure over the observed variables in -th 
domain.
- Having access to  domains: 

ℙ𝑖 𝑖

𝑚 ℳ = {ℙ1, …, ℙ𝑚} .

• More on the Identifiability Result
BGM extends the classical noise models:

- The identifiability result can be extended to: 1- the discrete-
valued 2- the multivariate case.
- The main assumption in the multivariate case: For each 
value of ’s parents (such as ),  is a 
diffeomorphism.  

𝐸,  

𝑋𝑖 𝑝𝑎𝑖 𝑓𝑖(𝑝𝑎𝑖, . )

• Assumptions • Estimation Method

• Main Contribution

• Experiments

Definition: A bijective function is a 
diffeomorphism if it is differentiable and also has a 
differentiable inverse.
Assumption 1 (Bijective Generation Mechanisms 
(BGM)): For every  , we assume that the fixed-
cause functional is a diffeomorphism.

Assumption 2 (Causal Sufficiency):  and  are 
independent under every

g:  𝒜 →  ℬ 

𝑥 ∈ 𝒳
𝑓 (𝑥,   · ) 

𝐸 𝑋
 ℙ𝑖 .

Bivariate case:
The noise model: 

#samples=1000, f(X)  is linear, g(X)  is selected 
randomly from   or  

Multivariate case:

𝑌 = 𝑓(𝑋) + 𝑔(𝑋)𝐸

𝛽𝑇𝑋 + 1 log( 𝛽𝑇𝑋 + 2) .
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Domain 1 Domain 2
𝑌 ≔ 𝑓(𝑋, 𝐸)

Bivariate case:

Definition: For a random variable (RV) V, the density-
vectorization associated with V is defined as,                

 where 

Let  be . We define . 

Theorem: Under Assumptions 1 and 2, for 
continuous RVs  and , the causal diagram  is 
rejected if  for some .

ΦV(v) = h/ h 1 h = (𝑝1
𝑉 (𝑣), …, 𝑝𝑚

𝑉 (𝑣)) .
~𝑌𝑥 𝑌 |𝑋 = 𝑥 Γ𝑋→𝑌 ≔ Φ~𝑌𝑋(~𝑌𝑋)

𝑋 𝑌 𝑋 → 𝑌
ΓX→𝑌 ⫫ X  ℙ𝑖 ∈ ℳ

Accuracy of detecting the causal direction

Sampling from :

- Estimate  in each domain .

- Sample  from  and form the vector                                
 and then obtain               

  as a sample of .

H1:  (  is the minimum p-value of 
testing  and  is the neighboring nodes of ).

H2: Similar to H1 with some prior knowledge on the size of 
parent set.

Γ𝑋→𝑌

𝑝𝑖
𝑌|𝑋 𝑖

𝑥 𝑝𝑖(𝑥)
𝑤: = (𝑝1

𝑌|𝑋(𝑥), 𝑝2
𝑌|𝑋(𝑥), …, 𝑝𝑚

𝑌|𝑋(𝑥))
𝛾 ≔

𝑤
𝑤 1

Γ𝑋→𝑌

𝑃𝐴 = ∪𝑆⊆𝐴:𝐿(𝑆)>𝑐 𝑆 𝐿(𝑆)
Γ𝑆→𝑉⫫S, 𝐴 𝑉


