Partial Transportability for
Domain Generalization

Kasra Jalaldoust
Alexis Bellot
Elias Bareinboim

Columbia University CS@
CU

Computer Science



Outline

* Non-transportable queries.

* Bounding by canonical SCMs

* Bounding by neural parametrization.
* |n search for best worst-case classifier;

e Causal Robust Optimization Algorithm



An example

Source SCMs. /!, />

Target SCMs. ./ *

"y

Uy Ug,

-

pl2*y. JUw~ ) Bern(0.02) in M

' Bern(0.5)
UYW ~/ Bern(O.Z)

U, ~ Bern(0.9)

in A *

( Bern(0.1) in !
Bern(0.5) in >
' Bern(0.7) in A*

' Bern(0.01) in !

97,1,2,* .

W« Uyy @ Uy,

C; < Ug

10
¥~ U ® DG

j=1
Z(_Y‘Uz'l‘W‘(l—Uz)
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Applying TR results

W« Uyy @ Uy,
G < Ug
91,2,* .

10
] V= U @ PG

=1

Maximal TR representation (feature): P*(y | ¢) = Pl’z(y | ¢)

10
Remember Uyy, ~ Bern(0.2) — P25y = @Cj) > (.8
j=1

10
) FOr h(c) = @ C;, we would have R pi2(hy) < 0.2.
j=1



A common pitfall

W Uyy @ Uy
G < U
91’2’* .

10
] V= U ® PG

j=L

Only if we could access UYW, we could predict Y even better!

(001 inJA!
Fact2. PL2"(W # Uyy) < PV Uy =1)= 002  inH*
0.5 in A+

10 (
R pi2(hy) <0.02
q For h,(c,w) = WD C. we would have:]
g ! P ps(hy) = 0.5
=1 B




Surprising observation

W« Uyy @ Uy,
G < Ug
91,2,* .

10
] V= U @ PG

j=1
Z(_Y'Uz‘l‘W‘(l—Uz)

Only if we could access UYW, we could predict Y even better!

Fact3. P12 (Z# Y) < PY2°(U,)) =0.1 in ', M2, M*

—} For /15(z) = z, we would have X p1.+(h;) < 0.1



Target Risk (Expected Loss)
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Previously, we saw that transportable classifiers have good source and
target risk. On the other hand, non-transportable ones are off-diagonal,
meaning that they mostly perform poorly.

The new classifier is not TR, but is very well-performing in the
source and target domains.



Comparing classifiers

%Pl %PZ %P*

hy(c) 200% 20% 20 %

h2(ca W) 1 % 2 % 50 %

hs(2) 3% 5% 4%
All classifiers ¢ ;—/
Is there a
Invariant/"causal” ?7? final solution?
& - What is the

core challenge
here?




Partial Transportability

(Definition 11.4.1 -- Partial transportability. Consider a tuple of source and target SCMs
M = (A, M2, ..., 05, d+)

that induces the selection diagram €2 over the variables V and entails the source

distributions

P = (P'(v), P*(v), ..., PX(v))
That we have access to, and the unseen target distribution P*(v). A functional
y . suppy — R is partially transportable from [P given G4 if,
E.uilw(V] < gpax, V SCMs M) that entail PP and induce -,

Where ¢g,... € R is a constant that can be computed from P, £-.
o

For a fixed classifier &, let w(X,y) = Z(y, h(x)). Then the above is
an upper-bound for the worst-case target risk!

%p*(h) < max @P%S(h)
MO



Partial-TR Schema

SCM tuples
(True SCM tuple)

M, = (ML, M, ... K, 5y My, = (M, M . M, M) M = (L, 2, ..., 0K, A+

1 ,l ','
]
! ¢¢’
j " .
? ;

Selection diagrams
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Recall: Repr. TR Schema

SCM tuples
(True SCM tuple)

M, = (ML, M, ... K, 5y My, = (M, M . M, M) M = (L, 2, ..., 0K, A+

Selection diagrams

Score functions

EplY | $OO]
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Optimization-based Transportability

Example--the bow model. U XY
An SCM over binary X, Y.
o >
For a fixed value Uyy = uyy: X Y

1. the variable X takes value from the set {0, 1}

2. the variable Y takes value based on X through functions {0,X, = X,1}

mmmd) Every value of Uyy belongs to one of 2 X 4 = 8 categories:

Y<—O Y1 Y« X Y& X SuppU
XY

X < () Y \M.XY

X « 1
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Canonical Partitioning

Example--the bow model.
i Uxy
An SCM over binary X, Y.
2 >
(Ry = DRy =2)(Ry = 3)(Ry=4) Y
Ry=1) X0 1) (12 (13 (1dHhe Uyy
X \.

Ry=2) X<1 @D (2,2) (2,3) (2,4)

Ry--Ry PRRy) ===mn-d P(Uy)

: : Support is known Support is unknown
‘ > Distribution can \ o
X Y be parameterized o parametrization

by 0 € A7 Is possible

13



Canonical SCMs

a )
Proposition 11.4.2 -- (bow canonical parametrization). For every SCM .Z over

binary X, Y that induces the bow graph, there exists a canonical SCM ./ specified
by P(Ry, Ry) (that can be parameterized by a point in the simplex A’) such that

A and V" agree on all L1,L2,L3 queries.
. J

This means that we can not parameterize the space of SCMs!

. 1 5 S2>x< U Sl*
Example. Consider SCMs A, -, I *. :\. 244
Consider a classifier 1(x) = —x (predicts y = —x).
Question. What is the worst-case risk & p:(h)? 0> Ry« >RY<—|:|
Idea. Use canonical parametrization for all SCMs! 4 >

14



Canonical SCMs for partial-TR

Consider a classifier h(x) = —x (predicts y = —Xx). Sn_’R:X* """"" ’RY‘—SEI
2% : 1*
Question. What is the worst-case risk & p:(h)? s X
X Y

Idea. Parametrize canonical SCMs A1, /2, /*, and then
1. Impose distributional constraints P i(x, y) = P(x,y) fori € {1,2)

A= {Y) = P"(Ry = PRy

2. Impose domain discrepancies: ; ,
Ay ={Y} = PV (Ry) =P (Ry)

3. Solve ¢, < max PV (h(X) # Y)
N N2 W%

4. Claim Rp«(h) < Grax Tight? ()

15



Canonical SCMs for partial-TR

Consider a classifier h(x) = —x (predicts y = —Xx). Sy Sy

Urw
Question. What is the worst-case risk X% p«(h)? E\‘ { /:I

>
Optimization problem. In this case, it is a linear
program, with linear constraints and linear ‘
objective.
n—>RX4 --------- )R.Y<_n
Sox L S
v v
O >
max PN*(Y # —X) X Y
NI N2 N*

st. PN (ry) = PV (ry), PV (rx) =PV (rx) (Y ¢ A1 and X ¢ Ay)

PN (z,y) = P(z,y), PV 2 (z,y) = P*(z,y) (matching source dists)

16



Canonical SCMs for partial-TR

Definition 5 (Canonical SCM). A canonical SCM is an SCM N = (U, V,F, P(U)) defined as
follows. The set of endogenous variables V' is discrete. The set of exogenous variables U = { Ry :

V € V'}, where suppy,, = {1,...,my} and my = |{hy : supp,,,, — suppy }|. ForeachV e V,
fv € F is defined as fy (pay,ry) = hg‘/)(pav).

e Uy
‘ )v P(R ’RY) B R L P(ny) .»'" y
X Y X Y
(Ry = DRy =2)(Ry =3)(Ry = 4)
A SUPPy,,

Ry=1) X<0 @O 12 13 (04 TN
(Ry=2) X«<1 @bH @2 @3 @4
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Canonical SCMs for partial-TR

Theorem 1 (Partial-TR with canonical models). Consider the tuple of SCMs M that induces the
selection diagram G A over the variables V', and entails the source distributions P, and the target

distribution P*. Let 1 : 3y — R be a functional of interest. Consider the following optimization
scheme:

omax  Eps (V)] st PN (v) = Pi(v) Vie{l,2,...,K,*) (6)

PN'(ry) = PN (ry), Vi,je{1,2,...,K,x} VV¢A;,

where each N'* is a canonical model characterized by a joint distribution over {Rv}vev. The value

of the above optimization is a tight upper-bound for the quantity Epx 1 (V')]| among all tuples of
SCMs that induce G2 and entail P. O

Takeaway. Every functional of the variables, e.g., the risk of a classifier,
can be upper-bounded using the canonical parameterization by
iImposing distributional and domain-discrepancy assumptions.

18



Canonical SCMs for
partial-TR schema

SCM tuples
(True SCM tuple)

Canonical SCM tuples M = (!, 02, ..., 05, H0%)

N, = (N W2 NE )

5 .’
.
1 ’ .°
v ! PA
v .
? ;

Selection diagrams
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Summary

- Previously, we considered P*(y | ¢) as a query that corresponds

to the generalization capacity of a rep/classifier.
* This way, our search was limited to TR cases, e.g., finding maximal

transportable representations through UIRM program.

- However, we realized that the query P*(Y # h(X)) captures

generalizability more accurately.

- Often it is not transportable, but we can still bound this quantity.

Can we utilize gradient-based methods for this task?

20



Neural Parametrization

Example--the bow model. UXY
An SCM over binary X, Y.
" S
Recall the Neural Causal Model
corresponding to the bow causal diagram. X Y
feed-forward neural networks
parametrized by 6y, 0y encode the Unif([0,17)
structural constraints. /
We can compute P(x, y; Oy, 6y) Ox
through sampling, and using L1 data /
D ~ P( | ot O
~ P(x,y), we can impose Y
distribution constraints by maximizing Y

Likelihood.

21



Domain discrepancies in NCMs

Example--the bow model. SH. S
2 UYW 1
Source SCMs ', /M? and target SCM.* E\.‘
Data D', D?
NCM 0! = (6, 6)) NCM 6% = (03, 03 NCM 8° = (62, 9%)

Unif([0,1]) Unif([0,1]) Unif([0,1])

22



Distributional constraints

Example--the bow model. Source SCMs /', ./#* and target SCM.*

S5+ S Unif([0.1])
2 UYW | Sz*n\

E\ /' —_— \/”1*

X Y
Consider the classifier i(x) = —x. The optimization program below
estimates the upper-bound for target risk of i for A — 0.

max E[Y # h(X):0¥]+ (Y, logP(x.y;0)+ ) logP(x.y:6%)
0'.0%,0"

x,yeD' x,yED?
_ Ll Ll
Target risk X p«(h) My = M Moy = M*

Subject to €)1( = «9;?, €% = (9;<

23



Partial-TR with NCMs Schema

SCM tuples
(True SCM tuple)

NCM tuples M = (M, 2, ..., MK, A5

M, = (M}, 2, ..., 0K, 4%

II l' ¢'
.
1 ’ .°
v ! PA
v .
? ;

Selection diagrams
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Partial-TR with NCMs

Theorem 2 (Partial-TR with NCMs). Consider a tuple of SCMs M that induces G2, P and P* over
the variables V. Let D' ~ P*(z,vy) denote the samples drawn from the i-th source domain. Let 0"
denote the parameters of NCM corresponding to M* € M. Let Epx [y (V)] be the target quantity.
The solution to the optimization problem,

A

©€  argmax th(w) : Z P(v;0%) (8)

@3<91,92 ----- 9K70*> w 'u\'w

st 0, =600,  Vije{L2.. K} YV¢A,,

6" € arg max Z log P(v;0), Vie{l,2,...,K}.

0 veD?

is a tuple of NCMs that induce G2, entails P. In the large sample limit, the solution yields a tight
upper-bound for Epx« [ (V)]. O

Takeaway. Through NCM parametrization we can bound non-
transportable queries at [possibly large] computational cost.

25



Neural-TR algorithm

Algorithm 1 Neural-TR

Require: Source data D', D?, ..., DX selection diagram G2 ; functional v : Qw — [0, 1].
Ensure: Upper-bound for E px [1)(W)]

1: {A;}7, < c-components of A := Angx (W) in causal diagram G*.

2: @7 Cexpert — O, Ldata < 0

30 P*(w) == Ya\w [ 121 P*(a; | do(paya,))

4: for j = 1tomdo

5. ifdie{l,2,...,K}suchthat A; n Ay; = ¢ then

6: nf4j < argmax, Zaj,paAjeDi log P(a; | do(pa4.);ina,)

7: In P*(w), replace P*(a; | do(pa ,,)) with P(a; | do(pa 4 );n} )-

8: else ' J
9: © « @U{eﬁj}ie{l,z,...,f{,*}
10: In P*(w), replace P*(a; | do(pay, )) with P(ajdo(paAj ); 9;‘13, ).
11: <Cexpert <« CexpertU{{e%/ = ax*/}VEAj\A*i}iKzl
12: Liikelibood < Liikelihood + 2iq, pa, epi 108 P(a;,do(pay,); 9f4j)-
13:  endif ’
14: end for

15: Return (':) «— arg maXg Zw P* (w; @) . 1/)(’10) + A - Elikelihood(@) subject to Cexpert

Proposition 1. Neural-TR (Algorithm 1) computes a tuple of NCMs compatible with the source data
and graphical assumptions that yields the upper-bound for E p« [t (W)| in the large sample limit. O

20



ik

(Input

Classifier.
h : suppx — {0,1}

Loss function.

Source data 1. h

D' ~ Pl(x,y)

Source data K.

Neural-TR

Neural-TR

‘Knowledge

" Domain discr. A

Causal diagram. &

‘Output

Guarantee.
‘%?Pﬂ< (h) S Qmax

Evidence.

T - 5> Next step: Which

\—\

2 classifier?

Recall: Which TR-rep?

27



Searching over classifiers

Dists

@

(target) PIK(X, y) PEK(X’ )7) P;k(X, y) Neural-TR
Classifiers 7
1 (%) Rph)  Rpy(h)  Rp(hy) ot
(%) Rl Rpe(hy)  Rpu(hy) T
. VI
h(X) Rpp(hs)  Rps(he)  Rpy(hi) Gimax
h. € argmin, o, max R p(h)

Px,y) IS valid

28



Causal Robust Optimization (CRO)

hy € # Neural-TR

»O, = (0,65, ... 0K, 0%)

X

h € / % Neural-TR

P¥o(x,y) = P(X,y; )

miny,c 5 max { R px(n), Rp.(h) 1

+0, = (0,02, ..., 0K, 0%)

P*1(X,y) := P(X, y; 0%)

h, € / ¥ Neural-TR

;}(:)2 — <91,922, ...,HzK, 9;

min, 5 max Rp.(h)4.

/i:O,l,Z
hy, € #

P#y(X,y) == P(X, y; 0%)

29



Causal Robust Optimization (CRO)

Dist. Robust Optimization - ) \
min, o, 1;131; Rp(h) Worst-case risk evaluator
=
t 0% «— NeuralTR(k; P; €°)
Sampler

P — PU{PKX,y;0%)} 4

Space of
distributions

(a) Iteration 1 (b) Iteration 2 (c) Iteration 3 (d) Equilibrium
30



Causal Robust Optimization (CRO)

Algorithm 2 CRO (Causal Robust Optimization)

Require: D : (D!, D? ..., DX); G2;6 >0
Ensure: h(X) with the best worst-case risk.

1: Initialize h randomly and D* «— ¢
2: © « Neural-TR(D, G2, : L(h(x),y))
3: while Rp(m,y;é*)(h)_maXDe]D* RD(h) > 0
4: D* — D*U{D* ~ P(x,y; 06%)}
5: h <« argmin, maxpepx Rp(h)
6: © « Neural-TR(D, G2, v : L(h(x),y))
7: end while
8: Return A

do

classifier from the hypothesis class, that is:

CRO(D, G?) € argmin max
h:Qx —Qyv tuple of SCMs M that entails P & induces

\_

R . x

GgA PMo

Theorem -- (DG with CRO). Algorithm 2 returns a worst-case optimal

(h).

~

J

31



Colored-MNIST

Hand-written digits: W € R?8%%8

Labels: Y € {0,1,...,9}
Color: C € {red, green}

Colored digit: Z € [R?3X28X3

Task. We have access to data from two

source domains; find a classifier y = h(Z)
with the smallest worst-case risk.

Samples from D*

Y=1 Y=0 Y=1
0 0 0
10 . 10 10
20 20 20 7
0 10 20 0 10 20 0 10 20
Y=1 Y=1 Y=1
0 0 n 0
10 10 l 10
20 20 | 20
0 10 20 0 10 20 0 10 20
32




Colored-MNIST

Samples from D*

Hand-written digits: W € R?5%%8 [7=i] [r=0] [7=1] W

Labels: Y € {0,1,...,9} . . .

C Z
Color: C € {red, green} D= b= I O=]
L X2LOX
Colored digit: Z € R !
_ Iteratlon 2
Ite rat I O n 1 Samples from D*
Samples from D* | Y=0 I I Y=0 | | Y =1
| YO||Y-1||Y—1 10T R,
101 Kps 0.8 ’ . . .
0.81 h(z)
0.61
PN AN AN WA 0.44 |Y—1 ||Y_1 Ily—]
0.4 |Y0||Y—1||Y0|
. . . 0.2' lL).‘)...
0.21 10 10 10
. 0.0 ” 7 0 '
20 20 0 25 50 75 10
00 0 25 50 75 100 e el e Iteratlon 3 Trainina enochs (Neural-TR) o e
Training epochs (Neural-TR) Samples from D*
IY—llIYOIIY—ll
10| Rp.
0.8
0.6

04 H@) | Y—l _1 | | y_1

W\ AW S AW~ AAMN A ¢
02 0
20

0.0 0 25 50 75 100

Training epochs (Neural-TR)
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Colored-MNIST

Samples from D*

Hand-written digits: W € R25%%8 Ly=1] Ly=0_ L=l W
_abels: Y € {0,1,....9} . . . ‘/' e
[(¥=1] [¥=1] [¥=1] C Z

Color: C € {red, green} . . .
S, S,

Colored digit: Z € R?3X23X3

ERM: pool data from both domains and regress; herv = Mg — Ppro
baseline. 1.0

RP* RPI _sz
0.8 ] _

IRM: The invariant risk minimization; state-of-
the-art. 061 1/

0.41

DRO: Distributionally Robust Optimziation; 03 _ _
state-of-the-art. | e

0075 25 50 75 100 S

Training epochs (Neural-TR)

) @
o
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Conclusions

- Even non-transportable queries can be transported via SCM parametrization,
canonical, or neural.

- Canonical parametrization is accurate and sound, though the complexity
makes it intractable in practice.

* Neural-TR parametrizes only the components that are not transportable,
keeping the parameter space small.

- Causal Robust Optimization (CRO) searches over the space of classifiers,
iteratively improving the one at hand using Neural-TR as a subroutine.

- With graphical assumptions, finding the best worst-case classifier within a
hypothesis class is now a well-defined and solvable problem using the CRO

algorithm, contingent on having large computational resources.
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