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Outline

• Non-transportable queries. 


• Bounding by canonical SCMs


• Bounding by neural parametrization. 


• In search for best worst-case classifier;


• Causal Robust Optimization Algorithm
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An example
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Source SCMs. ℳ1, ℳ2

Target SCMs. ℳ*

P1,2,*(U) :

UC1
, UC2

, …, UC10
∼

UYW ∼ Bern(0.2)

UW ∼
Bern(0.01) in ℳ1

Bern(0.02) in ℳ2

Bern(0.5) in ℳ*

Bern(0.1) in ℳ1

Bern(0.5) in ℳ2

Bern(0.7) in ℳ*

UZ ∼ Bern(0.9)

ℱ1,2,* :
Cj ← UCj

W ← UYW ⊕ UW

Y ← UYW ⊕
10

⨁
j=1

Cj

Z ← Y ⋅ UZ + W ⋅ (1 − UZ)

S1*

S2*

C1:10 Y

W

Z

UYW

UZ

UC

UW

⚡

⚡



Applying TR results
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ℱ1,2,* :
Cj ← UCj

W ← UYW ⊕ UW

Y ← UYW ⊕
10

⨁
j=1

Cj

Z ← Y ⋅ UZ + W ⋅ (1 − UZ)

Remember  UYW ∼ Bern(0.2)

S1*

S2*

C1:10 Y

W

Z

UYW

UZ

UC

UW

⚡

⚡

For , we would have .h1(c) =
10

⨁
j=1

Cj ℛP1,2,*(h1) ≤ 0.2

Maximal TR representation (feature): P*(y ∣ c) = P1,2(y ∣ c)

P1,2,*(Y =
10

⨁
j=1

Cj) ≥ 0.8



A common pitfall
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ℱ1,2,* :
Cj ← UCj

W ← UYW ⊕ UW

Y ← UYW ⊕
10

⨁
j=1

Cj

Z ← Y ⋅ UZ + W ⋅ (1 − UZ)

Only if we could access , we could predict  even better!UYW Y

Fact 2.  P1,2,*(W ≠ UYW) ≤ P1,2,*(UW = 1) =

S1*

S2*

C1:10 Y

W

Z

UYW

UZ

UC

UW

⚡

⚡

0.01 in ℳ1

0.02 in ℳ2

0.5 in ℳ*

For , we would have:h2(c, w) = W ⊕
10

⨁
j=1

Cj
ℛP1,2(h1) ≤ 0.02

ℛP*(h1) ≈ 0.5



Surprising observation

6

ℱ1,2,* :
Cj ← UCj

W ← UYW ⊕ UW

Y ← UYW ⊕
10

⨁
j=1

Cj

Z ← Y ⋅ UZ + W ⋅ (1 − UZ)

Only if we could access , we could predict  even better!UYW Y

Fact 3.  P1,2,*(Z ≠ Y ) ≤ P1,2,*(UZ) = 0.1

S1*

S2*

C1:10 Y

W

Z

UYW

UZ

UC

UW

⚡

⚡

For , we would have h3(z) = z ℛP1,2,*(h1) ≤ 0.1

in ℳ1, ℳ2, ℳ*



TR → Low Target Risk? 
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Previously, we saw that transportable classifiers have good source and 
target risk. On the other hand, non-transportable ones are off-diagonal, 
meaning that they mostly perform poorly. 

The new classifier is not TR, but is very well-performing in the 
source and target domains. 



All classifiers

Transportable

Comparing classifiers
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S1*

S2*

C1:10 Y

W

Z

UYW

UZ

UC

UW

⚡

⚡

h1(c)

ℛP1 ℛP*ℛP2

h2(c, w)

h3(z)

20 %

1 % 2 % 50 %

20 % 20 %

3 % 5 % 4 %

Invariant/"causal"

🙂 😰😁
??

😱

🤔
Is there a  
final solution?

What is the 
core challenge 
here?

😎



Partial Transportability
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Definition 11.4.1 -- Partial transportability. Consider a tuple of source and target SCMs  
 

that induces the selection diagram  over the variables  and entails the source 
distributions 

 
That we have access to, and the unseen target distribution . A functional 

 is partially transportable from  given  if, 

, 

Where  is a constant that can be computed from .

𝕄 = ⟨ℳ1, ℳ2, …, ℳK, ℳ*⟩
𝒢Δ V

ℙ = ⟨P1(v), P2(v), …, PK(v)⟩
P*(v)

ψ : suppV → ℝ ℙ 𝒢Δ

𝔼Pℳ*0[ψ(V] ≤ qmax, ∀ SCMs 𝕄0 that entail ℙ and induce 𝒢Δ

qmax ∈ ℝ ℙ, 𝒢Δ

For a fixed classifier , let . Then the above is 
an upper-bound for the worst-case target risk!

h ψ(x, y) = ℒ(y, h(x))

ℛP*(h) ≤ max
𝕄0

ℛPℳ*0(h)



Selection diagrams Source dist. KSource dist. 1

Partial-TR Schema
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SCM tuples 

:𝔼P*[ψ(v)] = ℛP*(h)

𝒢Δ

𝕄a = ⟨ℳ1
a, ℳ2

a, …, ℳK
a , ℳ*a ⟩ 𝕄b = ⟨ℳ1

b, ℳ2
b, …, ℳK

b , ℳ*b ⟩

PK(x, y)P1(x, y)

qmax0 1qa q*

𝕄 = ⟨ℳ1, ℳ2, …, ℳK, ℳ*⟩
(True SCM tuple)



Score functions

Recall: Repr. TR Schema
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SCM tuples 

𝕄 = ⟨ℳ1, ℳ2, …, ℳK, ℳ*⟩

𝒢Δ

𝕄a = ⟨ℳ1
a, ℳ2

a, …, ℳK
a , ℳ*a ⟩ 𝕄b = ⟨ℳ1

b, ℳ2
b, …, ℳK

b , ℳ*b ⟩

Selection diagrams

PK(x, y)

Source dist. K

P1(x, y)

Source dist. 1

(True SCM tuple)

𝔼P*[Y ∣ ϕ(X)]



Optimization-based Transportability
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Example--the bow model.

An SCM over binary .X, Y

For a fixed value :UXY = uXY X Y

UXY
⚡

1. the variable  takes value from the set X {0,1}

2. the variable  takes value based on  through functions Y X {0,X, ¬X,1}

Every value of  belongs to one of  categories:UXY 2 × 4 = 8

X ← 0

X ← 1

Y ← 0 Y ← 1 Y ← X Y ← ¬X suppUXY
uXY.



Canonical Partitioning
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⚡

X ← 0

X ← 1

Y ← 0 Y ← 1 Y ← X Y ← ¬X suppUXY
uXY.

Example--the bow model.

P(UXY)P(RX, RY)

(RX = 1)

(RX = 2)

(RY = 4)(RY = 1)(RY = 2) (RY = 3)
X Y

UXY

Support is known Support is unknown
Distribution can 
be parameterized 
by θ ∈ Δ7

An SCM over binary .X, Y

No parametrization 
is possibleX Y

RX RY

(1,1) (1,2) (1,3) (1,4)

(2,1) (2,2) (2,3) (2,4)



Canonical SCMs
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Proposition 11.4.2 -- (bow canonical parametrization). For every SCM  over 
binary  that induces the bow graph, there exists a canonical SCM  specified 
by  (that can be parameterized by a point in the simplex ) such that 

 and  agree on all L1,L2,L3 queries.

ℳ
X, Y 𝒩

P(RX, RY) Δ7

ℳ 𝒩

This means that we can not parameterize the space of SCMs!
S1*S2*

X Y

UYWExample. Consider SCMs .ℳ1, ℳ2, ℳ*

Question. What is the worst-case risk ?ℛP*(h)

Consider a classifier  (predicts ).h(x) = ¬x y = ¬x

Idea. Use canonical parametrization for all SCMs!
S1*S2*

X Y

RX RY



Canonical SCMs for partial-TR
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Question. What is the worst-case risk ?ℛP*(h)

Idea. Parametrize canonical SCMs , and then𝒩1, 𝒩2, 𝒩*

1. Impose distributional constraints  for P𝒩i(x, y) = Pi(x, y) i ∈ {1,2}

2. Impose domain discrepancies:
Δ1* = {Y} ⟹ P𝒩1(RX) = P𝒩*(RX)

Δ2* = {Y} ⟹ P𝒩2(RY) = P𝒩*(RY)

3. Solve  qmax ← max
𝒩1,𝒩2,𝒩*

P𝒩*(h(X) ≠ Y )

4. Claim RP*(h) ≤ qmax 🤔Tight?

Consider a classifier  (predicts ).h(x) = ¬x y = ¬x
S1*S2*

X Y

RX RY



Canonical SCMs for partial-TR
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S1*S2*

X Y

UYWConsider a classifier  (predicts ).h(x) = ¬x y = ¬x

Question. What is the worst-case risk ?ℛP*(h)

Optimization problem. In this case, it is a linear 
program, with linear constraints and linear 
objective.

S1*S2*

X Y

RX RY



suppUXY

Canonical SCMs for partial-TR
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P(UXY)P(RX, RY)
X Y

UXY

X Y

RX RY

uXY.X ← 0

X ← 1

Y ← 0 Y ← 1 Y ← X Y ← ¬X
(RX = 1)

(RX = 2)

(RY = 4)(RY = 1)(RY = 2) (RY = 3)

(1,1) (1,2) (1,3) (1,4)

(2,1) (2,2) (2,3) (2,4)



Canonical SCMs for partial-TR

18

Takeaway. Every functional of the variables, e.g., the risk of a classifier, 
can be upper-bounded using the canonical parameterization by 
imposing distributional and domain-discrepancy assumptions.



SCM tuples 

Canonical SCMs for 
partial-TR schema
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:𝔼P*[ψ(v)] = ℛP*(h)

𝒢Δ

Canonical SCM tuples

ℕa = ⟨𝒩1
a, 𝒩2

a, …, 𝒩K
a , 𝒩*a ⟩ ℕb = ⟨𝒩1

b, 𝒩2
b, …, 𝒩K

b , 𝒩*b ⟩

Selection diagrams

PK(x, y)

Source dist. K

P1(x, y)

Source dist. 1

0 qmax 1qa q*

(True SCM tuple)
𝕄 = ⟨ℳ1, ℳ2, …, ℳK, ℳ*⟩



Summary
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• Previously, we considered  as a query that corresponds 

to the generalization capacity of a rep/classifier.


• This way, our search was limited to TR cases, e.g., finding maximal 

transportable representations through UIRM program.


• However, we realized that the query  captures 

generalizability more accurately. 


• Often it is not transportable, but we can still bound this quantity.

P*(y ∣ ϕ)

P*(Y ≠ h(X))

Can we utilize gradient-based methods for this task?



Neural Parametrization
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Example--the bow model.

An SCM over binary .X, Y

Recall the Neural Causal Model 
corresponding to the bow causal diagram. X Y

UXY
⚡

X Y

Unif([0,1])

θX

θY

feed-forward neural networks 
parametrized by  encode the 
structural constraints.

θX, θY

We can compute  
through sampling, and using L1 data 

, we can impose 
distribution constraints by maximizing 
Likelihood.

P(x, y; θX, θY)

D ∼ P(x, y)



Domain discrepancies in NCMs
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Example--the bow model.

X Y

Unif([0,1])

θ*X

θ*Y

S1*S2*

X Y

UYW

X Y

Unif([0,1])

θ2
X

θ2
YX Y

Unif([0,1])

θ1
X

θ1
Y

Source SCMs  and target SCMℳ1, ℳ2 ℳ*

NCM θ1 = ⟨θ1
X, θ1

Y⟩ NCM θ2 = ⟨θ2
X, θ2

Y⟩NCM θ* = ⟨θ*X , θ*Y ⟩

Data D1, D2

= =



Distributional constraints
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Example--the bow model.

S1*S2*

X Y

UYW

Source SCMs  and target SCMℳ1, ℳ2 ℳ*

X Y

Unif([0,1])

θi
X

θi
Y

S1*
S2*

Consider the classifier . The optimization program below 
estimates the upper-bound for target risk of  for .

h(x) = ¬x
h λ → ∞

max
θ1,θ2,θ*

𝔼[Y ≠ h(X); θ*] + λ( ∑
x,y∈D1

log P(x, y; θ1) + ∑
x,y∈D2

log P(x, y; θ2))

Target risk ℛP*(h)  ℳθ1

L1= ℳ1  ℳθ2

L1= ℳ2

Subject to  θ1
X = θ*X , θ2

Y = θ*Y



Partial-TR with NCMs Schema
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SCM tuples 

:𝔼P*[ψ(v)] = ℛP*(h)

𝒢Δ

Selection diagrams

PK(x, y)

Source dist. K

P1(x, y)

Source dist. 1

0 qmax 1qa q*

𝕄 = ⟨ℳ1, ℳ2, …, ℳK, ℳ*⟩

𝕄a = ⟨ℳ1
a, ℳ2

a, …, ℳK
a , ℳ*a ⟩ 𝕄b = ⟨ℳ1

b, ℳ2
b, …, ℳK

b , ℳ*b ⟩

NCM tuples
(True SCM tuple)



Partial-TR with NCMs
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Takeaway. Through NCM parametrization we can bound non-
transportable queries at [possibly large] computational cost. 



Neural-TR algorithm
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Neural-TR
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Classifier. 
h : suppX → {0,1}

Loss function. 
ℒ( ̂y, y)

Source data K. 
DK ∼ PK(x, y)

Source data 1. 
D1 ∼ P1(x, y)

Causal diagram. 𝒢

Domain discr. Δ

Data

Input

Knowledge

Neural-TR
Guarantee. 

ℛP*(h) ≤ qmax

Evidence. 
Θmax

Output

Next step: Which 
classifier?🤔

Recall: 



Searching over classifiers
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Classifiers ℋ

Dists 
(target) P*1 (x, y) P*2 (x, y) P*3 (x, y)

h1(x)

h2(x)

h*(x)

ℛP*1 (h1) ℛP*2 (h1) ℛP*3 (h1)

ℛP*1 (h2) ℛP*2 (h2) ℛP*3 (h2)

ℛP*1 (h*) ℛP*2 (h*) ℛP*3 (h*)

Neural-TR

qh1
max

qh2
max

qh*max

h* ∈ argminh∈ℋ max
P̃(x,y) is valid 

ℛP̃(h)

≤



Causal Robust Optimization (CRO)

29

Neural-TRh0 ∈ ℋ Θ̂0 = ⟨θ1
0 , θ2

0 , …, θK
0 , θ*0 ⟩

̂P*0(x, y) := P(x, y; θ*0 )minh∈ℋR ̂P*0
(h)

Neural-TRh1 ∈ ℋ Θ̂1 = ⟨θ1
1 , θ2

1 , …, θK
1 , θ*1 ⟩

̂P*1(x, y) := P(x, y; θ*1 )minh∈ℋ max {R ̂P*0
(h), R ̂P*1

(h)}

h2 ∈ ℋ Neural-TR Θ̂2 = ⟨θ1
2 , θ2

2 , …, θK
2 , θ*2 ⟩

̂P*2(x, y) := P(x, y; θ*2 )minh∈ℋ max
i=0,1,2

R ̂P*i
(h)

h3 ∈ ℋ



Causal Robust Optimization (CRO)
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minh∈ℋ max
P̃∈𝒫

RP̃(h)

Dist. Robust Optimization

𝒫 ← 𝒫 ∪ {P(x, y; θ*)}
Sampler

θ* ← NeuralTR(h; ℙ; 𝒢Δ)
Worst-case risk evaluator

Space of 
distributions



Causal Robust Optimization (CRO)
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Theorem -- (DG with CRO). Algorithm 2 returns a worst-case optimal 
classifier from the hypothesis class, that is: 



Colored-MNIST
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Hand-written digits:  W ∈ ℝ28×28

Labels:  Y ∈ {0,1,...,9}

Color:  C ∈ {red, green}

Colored digit:  Z ∈ ℝ28×28×3

Task. We have access to data from two 
source domains; find a classifier  
with the smallest worst-case risk.

̂y = h(Z)



Colored-MNIST
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Hand-written digits:  W ∈ ℝ28×28

Labels:  Y ∈ {0,1,...,9}
Color:  C ∈ {red, green}

Colored digit:  Z ∈ ℝ28×28×3

Iteration 1
Iteration 2

Iteration 3



Colored-MNIST
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Hand-written digits:  W ∈ ℝ28×28

Labels:  Y ∈ {0,1,...,9}
Color:  C ∈ {red, green}

Colored digit:  Z ∈ ℝ28×28×3

ERM: pool data from both domains and regress; 
baseline.

IRM: The invariant risk minimization; state-of-
the-art.

DRO: Distributionally Robust Optimziation; 
state-of-the-art.



Conclusions
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• Even non-transportable queries can be transported via SCM parametrization, 

canonical, or neural. 


• Canonical parametrization is accurate and sound, though the complexity 

makes it intractable in practice.


• Neural-TR parametrizes only the components that are not transportable, 

keeping the parameter space small.


• Causal Robust Optimization (CRO) searches over the space of classifiers, 

iteratively improving the one at hand using Neural-TR as a subroutine.


• With graphical assumptions, finding the best worst-case classifier within a 

hypothesis class is now a well-defined and solvable problem using the CRO 

algorithm, contingent on having large computational resources.


