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Generalization Challenges

How many 'm's are in the word "Weather'?

K
&

Thereis one'm'in the word 'Weather'.

&

Are you sure?

2
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Apologies for §#

&

for pointing it ~

|




Why Causality for Generalization?

e Tom Mitchell, one of the pioneers of the field,
noted in his celebrated book:

"A learner that makes no a priori assumptions
regarding the identity of the target concept
has no rational basis for classifying any
unseen instances."

e Hume, the Scottish philosopher, argues that the
inductive biases should be modeled explicitly,
as it arises from the fundamental
underspecification of the inductive problem.

¢ Immanuel Kant argued that certain concepts
such as causality are prerequisite for making
sense of experience.

e Causality is one of main’s pillars of human's
intelligence, and being agnostic to it can
prolong development of safe and reliable Al, or
even bring about catastrophic harm to society.

Training examples

New instance

Training examples

New instance

Assertion " H contains
the target concept”

/

Inductive bias
made explicit
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Inductive system

Classification of

Candidate new instance, or
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Outline

* Basics about generalization in Al
e Causal generalizability scheme
e Statistical Transportability
* Direct transportability
e Score-TR Algorithm
* Transportable representations
e Causal Mechanistic Stability Assumption

* invariance learning and the generalization literature.



A tale of two domains

Domain 11 Domain II*
SCM 7/ SCM [ *
W—()—@ W—()—®
Obs. dist. P(w, y, 2) Obs. dist. P*(w, v, 7)

Input. Data from P(w, y, 2)
Task. Predict Y based on Z, W under P*

Query of interest P*(y | w, )



A tale of two domains

Domain I 1 Domain [I*
SCM ./ SCM ./ *
O—O—@ — O—O—@
Uw, Uy, UZNP(uw, l/ty, uz) Uw, Uy, UZNP*(MW’ uy, MZ)
Y < fi(X;, Uy) Y « f7(X), Uy)

Z — Y, U,) Z < 7Y, Uy)



A tale of two domains

Domain 11 Domain I [* @ >QD >@)

SCM ./ SCM /L ;
U ~ Bern(0.2) U ~ Bern(0.2)

W <« Uy W <« Uy,
Z<—YoDU, Z<—YDU,

l

P(z,y,w) = P*(z,y, w) wup P*(y | w,2) = P(y | w, 2)



A tale of two domains

Domain 11 Domain I [* @ >GD >@)

SCM ./ SCM .ﬂ;j
U ~ Bern(0.2) U ~ Bern(0.2)

W <« Uy W <« Uy,
Y « W@ UY Y « _'(W@ Uy)
Z<—YoDU, Z<—YDU,

l

P(z,y,w) = P*(z,~y,w)map P¥(y | w,2) = P(7y | w,2)
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A tale of two domains

[ Assumption. The causal diagram ]

Domain I 1

SCM ./

Estimable P(y, w, 7)

&

~
Too pathological if fy is

different between I1, IT*...
J

D—D—@

Unseen Domain II#

AN

SCM

P*(y | w,2) =

™~ N

|
|

SCM .ﬂ;:

P(y | w,z)

1 —Py|w,2) /



A tale of two domains (v2)

Domain 11 Domain I [* @ >QD >@)
2 2

SCM ./ SCM A ;
U ~ Bern(0.2) U ~ Bern(0.2) Assumption. the mechanism of Y
' ' remains "Invariant" between
W [ W U 9 domains I1, IT* y
<~ Uw < Uw

Z—Y®U, Z—Y®U,

l

P(z,y,w) = P*(z,y, w) wup P*(y | w,2) = P(y | w, 2)
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A tale of two domains (v2)

Domain 11 Domain I [* @ >QD >@)
-

SCM ./ SCM /L ¢
U ~ B@I’Il(O 2) U ~ BGI’H(O 2) Assumption. the mechanism of Y\
' ' remains "Invariant" between
W [ W U 9 domains I1, IT* y
<~ Uw < Uw

Z—Y®U, Z (Y& U,)

l

P(z,y,w) = P¥(z,~y, w) map P*(y | w,2) = P(y | w,72)
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A tale of two domains (v2)

-

N
Assumption. The causal diagram +
the mechanism of Y remains "Invariant"
between domains I1, IT* g
Domain 11
SCM 7/

Estimable P(y, w, 7)

SCM

\

P*(y | w,z) = ‘

|

D—D—@

Unseen Domain II#

/N

SCM % ..

P(y
P(y

W, 2)

W, 17) /
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A tale of two domains (v3)
[ Objective is to predict ¥ based on Z, W. } @ ,@ ,@

What if we just use W and drop Z?

P*(y | w) = P*(y | do(w)) rule 2: Y L Win Gy,

— Z l{f%"(w,uy)=y} ' P*(MY) prob. rules

= Z 1{fY(WauY):)’} . P(MY) f;? =fY? P*(MY) — P(MY)
= P(y | do(w)) prob. rules

= P(y | w) rule2: Y1 Win G‘_,V

13



Observations

e \/1. Only access to causal diagrams of source and target does
not give us an attack to the DG task.

eV2. Not all queries can be uniquely computed even under
reasonable structural invariances.

¢\/3. DG task can be address through assessment of

transportability of various different queries.

e Question. What is the bigger picture?

14



Generalizability Schema

Mechanistic o 2
' SCM A
level
Probabilistic Distribution P
level
(0))
QO
3
T
s
o Seen Unseen
Statistical data D data
level —

(a) Sampling-estimation loop
(in-distribution learning)



Cross-population Learning Tasks

(A structural taxonomy)

data’s

e Domain generalization (DG) amount ,
in target
P(X9 )’) px4 DG-PO g
* DG with partially observed target domain S1ls!l pa
%
P(x,y) + P*(W) 1 e
e Domain adaptation ngram

Section

Causal
Stability

P(x,y) + data*

assumptions

>

11.3

11.4

11.2

X WcXuy Xuy datas
scope

-
In this lecture, our metric for learning is the classification risk in the target
domain, denoted as:
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A Formal Approach

Domain I 1 Domain II*
Shared causal

SCM . /— > diagram ¥ ——gcm .z

Which mechanisms are invariant between
the source and target domains?

-

&

Definition 10.1.1. (Domain discrepancy sets) Let I1¢, I1” be domains with SCMs

M, M°. The subset of variables A . C V is called a domain discrepancy set,
and indicates that there might be a mechanism discrepancy forevery V € A,

that is possibility of /|, # f, and/or P“(uy,) # Pb(uv).

~

17



Selection Diagrams

-

Definition 10.1.2. (Selection diagram) Given a causal diagram G and a domain

~

discrepancy set A, ,, we define the selection diagram €2.» by augmenting € with

a new node S, , (denoted with a square for distinction with other variables), and

adding edges §,, — Vforevery V € A ,.

&

Example.

S
@ >® >@ ] e N
14 Y V4
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Direct Statistical Transportability

4 )
Definition 11.2.1. (Direct statistical transportability) Consider a selection

diagram €A encoding the commonalities and disparities across two domains
represented by SCMs .Z and .Z/*, a target variable Y, and a set of variables W.
The conditional distribution P*(y | w) is said directly transportable if every pair of

models compatible with €2, it holds that P*(y | w) = P(y | w).
N\ _J

‘ ‘.
Sets of SCMs (Unobserved) | Selection Diagram Sets of SCMs (Unobserved) | Selection Diagram

“Source ? _ Target Source Domain ? , Target Domain
(m) Distributions » (7*) Distributions () Distributions » (m*) Distributions
Data Query Data Query

(a) Transportable (b) Non-transportable



S-admissibility

-
Definition 11.2.2. (S-admissibility) Consider the SCMs .#"*, .#/’ and the sets of

variables Z., A. The set A is said to be S-admissible conditioned on Z w.r.t. the

domains /', /' whenever A is d-separated from S ; given Z in ©2ii. The

conditional distribution of A given Z is invariant across the two domains.
More formally:

5 S;;LA|Zing% = Pi(a|z)=Pl(a]z)

~

-
Theorem 11.2.1. (Direct statistical-TR) Consider the SCMs ., ./ * over

X U {Y}. Forasubset Z C X, the query P*(y | z) is direct-transportable if and
only if Y is S-admissible conditioned on Z w.r.t. /., /*.

&
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Direct-transportability

[ )
Corollary 11.2.2. (Direct non-TR) If there exists an open path between S and Y

conditional on Z, then P*(y | z) can not be uniquely computed from P(v).

N Y
Example.
S
P*(y | w, 7) is direct non-transportable, as
shown earlier.
> @
|14 Y V4

Idea. Let's connect transportability with generalization in ML!

21



Covariate Shift

-
Definition 11.2.3. (Structural Covariate Shift Assumption) Consider SCMs
M, M2, . ... M* over the variables X U {Y}. SCS holds If:

1. All variables in X are direct cause (i.e., parent) to Y.
2. Y & A

3. Yis not confounded with any other variable, i.e., Uy N Ux = &.
o

Example 11.6.

et hOBC(X) — 1{P(Y=1|X)>%} be the OPtlmal /'// ~L \75/,

Bayes classifier in domain .Z". This classifier / ;—zx b

can be approximated from large source data,
and can be safely deployed to the target \}1 /

domain (why?)

22



Beyond SCS

Definition 11.2.4. (Transportable feature sets) A subset of variables Z C X is

called a feature set, and its score function is defined as [,(z) = E[Y | z]. A feature

set is said to be transportable from a collection of distributions
P = (P!, P?, ..., PX) given €4, if for every tuple of source and target SCMs
(Mo ME, ..., HE, MY and (M, M3, . . ., M, A7) that induce €2 and entail

P, it holds that E, ;[ Y | z] = E, 4[Y | Z]

4 )

& /

Example 11.8.

Epi[Y | X;.0] =!! T/ \
_ - 1
Ep[Y | X1l & EpiaY | X531 - P (X4 | ¥)

23



Score-TR algorithm

-
Theorem 11.2.4. A feature set

Z. C X is transportable from
source distributions if and only
if the Score-TR algorithm
returns a transportability

formula for it.

Algorithm 31 Score-TR(Z,¥,A)

[
<

— e e e e
Ry =

N AN AR~ > e

Z<+0

while 3 Zy € ZsuchthatY 1L Zy | Z\ {Zp} in ¥\ 7,1y} 7, dO
ANANUY,
1Z—17U{Zy}

end while

W An(Z\ZU{Y})g, 50

Let Cy,Co, ..., Cr be the C-components of W in %y, 7, ryy-

prod + 1

for ¢ from 1to 7T do

if 3 domain .#" such that C; NA; , = 0 then
[Ivexuqry P'(V[Pay)
[Tvexuiric, P/(V|Pay)

prod < prod -

else
return NOT TRANSPORTABLE
end if

- end for
. return

Lw\ ({}uz\z) Prod
Yw\{y} prod

24



Score-TR algorithm

Example 11.9.

E p- [Y | X1;6] — P* (Y =1 | X1;3,X4;6) (definition) (11.44)
P (Y =1,X46 | X1:3)
P (X | Xi3)
P (Y=1|X13)-PXyg6 | Y =1,X123)
ymo P*(Y =y | X13) - P*(Xas6 | ¥ =3, X1:3)
 P(Y=1|Xy3) -P*X46 | Y = 1,X3)
Yo PUY =y | Xi3)  P*(Xus6 | Y =3, Xi1:3)

(conditioning) (11.45)

(factorization) (11.46)

(Sl* 1Y | X1:3 in £zﬁlg)

(11.47)
_ PI(YZI |X1:3)'P2(X4:6|Y:17X1:3)
Yo oP (Y =y |X13) - P*(Xas | Y =¥, X1:3)

(Sp« 1L X 46 | X1.3,Y in G2),

25



Maximal TR feature sets

Example 11.10. X; o WS,

EoY | X1 = EplY | x,]

Y Y
) Y 0w >0 X3
Cp[Y | X, x5] = EplY | X, 5]
? / \
ol Y | Xy, X3, 4] = EpY | Xy, X3, 3] % 1x,

?
_P*[Y ‘ X1s X2, x39x4] — _P[Y ‘ A1> A2, X3’X4] x
(TR)
(Causal) (Full)
X, X

X; =< < X, X5, X3, X
I X, X, X, 1> 42> A3, A4



Maximal TR feature sets

~

Definition 11.2.5. A transportable feature set (FS) Z C X

Is maximal if it is not contained in any other transportable FS.

~

- J
Domain Shift Experiment (80 Repeats, Mean + Std)
0.6 1 -~ Y~ X1
Y~ (X1, X2)
7 %
T 04 -
o
&
L
=03
-
- X
0.2 1

0.1 1

10 20 30
Number of Source Samples (1 to 50)

X1 o=

.S*l




Many maximal TR FS!

Example 11.12. 5.1
This graph is constructed by /\
overlaying two instances of Ex. .
5

X7 Xi X3
11.10. In that case, we had two 4 g
maximal TR FS, and turns out :' / |
that every combination of those
sets yields a maximal TR FS in S\ S o
this case, |
{Xl,Xz}U {X5,x6} X:‘ ‘X/2

{X17X37X4}U{X57X6}
Same pattern can create 2™

maximal TR FS with only 4m + 1
1X1,X3,Xa} U {X5,X7, X} variables in the SCMs.

{X17X2} U {X57X77X8}

28



0.6

0.5

o
BN

Target Risk (Expected Loss)

o
N

0.1

*

0.1

Some experiments

Full Feature Set X

o

) ’
v-_; ,,
)/
)
‘/’
X1, X5
A
+X1, X3, X4, X5, X7, X8
¥
,/
4
,I
’
X1,X3, X4, X5, X6
y S
7’
-
”
7’
7’
7’
7’
7’
_<l L ,,
) v
5 X1, X2, X5, X7, X8
td
X1,7X2, X5, X6
0.2 0.3 04

Source Risk (Expected Loss)

Non-transportable
Transportable

Maximal Transportable
Causal Set

Full Feature Set

*P %
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Conclusions

e A prediction rule may be effective in the source domain but
perform poorly in the target domain.

e Empirical risk minimization (ERM) does not necessarily yield
generalizable prediction rules.

* The target’s optimal prediction rules, when based on
transportable feature sets, can be estimated using only
source data under the causal structural assumptions.

e | arger feature sets yield greater predictive power, although
the number of maximally predictive transportable feature
sets can grow exponentially.

30



Representations

~
Definition 11.2.6. (Representations and score functions). The r.v. R with

support supp(R) is said to be a representation (of X) if there exists a mapping
@ : supp(X) — supp(R) such that R = ¢(X). Further, the corresponding score
function is defined as [(r) := Ep.[Y | R =r].

&

Example 11.12.

6
R =¢X):= (B X3, ZXi>
\ - =l

—

R

~ 7

R,

Where  ~ J4(0,15)

31



Transportable Representations

~

&

Definition 11.2.7. (Transportable representation). The rep. R = ¢(X) is said to

be transportable from the collection of dists. [P given €A if for every pair of

tuples of SCMs that induce €2 and entail P, the quantity E ,.[Y | $(X) = r]
P

evaluates to a unique value, for all r € supp(R).

All transportable feature sets Z C X correspond to a
transportable representation.

What other summarizations of X are transportable?

32



Solving R = ¢(X)

Example 11.12.

R = Ri=p - X+ - X5+ P35 X5 // |

e R x {0.1,....6) R2=X1+X2+°°°+X6

L

Since f; are random and independent, the support of R,

contains exactly 2° = 8 points with positive mass, thus
the mapping is one-to-one ---> X, X,, X3 = ¢ '(R))

<X1 7X27X3> — <X1,X2,X3>

0T (Xy:6) = 12 — X1 — X3 — X3

¢(X) = (r,n) < {

33



Det/cons/free variables

~
Definition 11.2.8. (Determined, constrained, and free variables).

- det(¢p) = Z C X are said to be determined by ¢ if for every r € supp(R), a
single value for Z can be derived from the system of equation R = ¢(X).

. cons(¢p) = Z" C X\Z are said to be constrained by ¢ if for at least one value
of r € supp(R) and at least one value A= supp(ZT), the system of equation
$(X\Z',z") = r is inconsistent.

- The rest of the variables are called free from ¢.
&

6
Example 11.12. R =¢X):= (- X,.,, ZXi)
=1
det(¢) = {X;, Xy, X5}
cons(¢p) = { Xy, X5, X¢}
free(¢p) = { X7, Xg, Xo}

34



Augmented SD

~
Definition 11.2.8. (Augmented selection diagram). Let €2 be a selection

diagram over X, Y and [P denote a set of source distributions, and ¢(X) be a
representation. We augment the variable set with R" as a child of Z" = cons(¢)

variables. We set the mechanism R" = ¢(Z"), and the new graph is called the

A

augmented selection diagram denoted by faug.

-

.
<X17X27X3> — <X1,X2,X3>

¢(X) = (r1,r2) < «

35



Transport a representation (l)

.
<X17X27X3> — <x17x27x3>

X) = (r,r
0(X) = (ri,r2) = <\ ¢T(X4:6):r2—X1—x2—X3

\——\/—_J
R
l¢ (R) = IEP* [Y | rl,rz] (Def 1126)
=P*(Y =1]|Xy3,7") (Eq. 11.94)

P*(Y =1 | X1;3) °P*(I‘T | Y = 1,X1:3)
;:Op*(y =y | X1.3)-P*(rT | Y = y,X1:3)

(conditioning & factorization)

_ P (Y =1|Xy3)-P*(r' | Y =1,X:3)
Z:;=OPI(Y =y | Xi3) - P*(r' | Y =y,X13)
P'(Y =1|Xy3)-P(r' | Y =1,X)33)

)17=0P1(Y =y [ Xi:3) - P2(r' | Y =y,X13)

(S1x ALY | X1:3 1n gﬁlg)

(S2 LLR" | Xy:3,Y in 95,)

aug

36



Transport a representation (ll)

a )
Theorem 11.2.10. (Graphical TR of Rep.) For a representation R = ¢(X), the
score function can be expressed as
LX) = Eps[Y | 1] = P*(Y =121
The latter can be transported using the augmented selection diagram ?ﬁug using
the Score-TR algorithm; in case of non-TR, the representation is non-TR too.
. _J
Example 11.20. T
(X
X1-X-X3 X1-Xo X5-X3
R=¢(X):=( : : ).
X4 X3-X4 X1-X4
Ri R R S

CompUte l¢(r) — _;[Y ‘ 7‘1, 1”2, 1’3]

37



Transport a representation (ll)

Example 11.20.

A
Xl
X XXy XXy s,
Ry Ry  Rs
- R
X1: _17
det(¢h) > ﬁ
@ \ r1 r1 R
L X3 = = ) i a3 el V1213
X
cons — =Ry R3
@ 3 l
(R")
Q:lg(R) =Ep-[Y |[R=r]=P"(¥ = 1|} 25,r).

/
0 38



Transport a representation (ll)

Example 11.20.

Q:1y(R) =Ep.[Y |[R=r]=P*(¥ =1| xR %)
o
Q' =P (y| R, 2})
_ Lo PO T xg,x4 | 2R 1K)
Yy xons P (9, T x4 | x{‘,x%‘l.
N

« +R *
Q" =P*(r'" | y,x1,%2,%5 , %) - P*(y,x2,%4 | 7,3
R
:P*(rT |)C2,)C4) - P* (y,xz,x4 |x xR)
sz,x4 (y,.X'2 |x1 7x3) P2<X4 |y7x27xR x3)

=1 +R_ x2 - P* (y7x27x4 |x1 ,.X%{) l (R)
v P T T PO [ 3R ) P2(xy | 3,00, 3 1K)
Q" = P*(y,x2 | X%, 28) - P* (x4 | 3, %2, 57, %5)

= P (%2 |8 - PP | o, %),

39



Transport a representation (ll)

Example 11.20. X1 X-X3 X1-Xo X2 Xs
Xo X3-Xa Xi-Xa'
T N N —

Ry Ry R3

R=9(X) =

\ .

sz,x4 (y7x2 |x1 7x3) Pz(x4 |y,x2,xR x3)

TR (R)=
¢( ) Zy,xz,x4pl()’7x2 |x1 7xR) PZ(x4 |}’7x27x1 y X )
2 EEE ERM
NV
INV lXI(xl) =EpilY | x1] = Epo Y | x{] = TR
1
>~
1 1 g’
ERM =EplY | X]+=Ep[Y |x] £ 0
2 2 ©
3
S -1 —.- —.- —o- .-
8
-2
f——
-3

500 1000 2000 5000 10000 20000

Sample size in each source domain 40



Data-driven TR

Challenge. Can we define/compute transportability without
graphical assumptions?

Idea. Instead of explicit access to ?A, we assume a particular
structure to It.

-~
Assumption 11.2.11 -- Causal Mechanistic Stability (CMS). We assume that

the causal diagrams of all source domains is the same as that of the target
domain. Moreover, we assume that if a variable does not belong to any cross-
source domain discrepancy set, it does not belong to a source-target domain

K K
discrepancy set either, i.e., V & U Ai,j — V& U Ay s
i,j=1 k=1

o

41



Example of CMS holding

Example 11.21. Pictures of cats and dogs in different seasons

Target

Summer Winter Spring Fall

Sources

lightOn < —isSunny ®U  P1=2=3(LightOn | isSunny)
= P*(LightOn | 1sSunny)

42



Example of CMS violation

Example 11.22. The isSunny feature is not visible anymore.

Sources Target

Summer Winter Spring Fall

lightOn «+ ﬂiany U P!(LightOn) # P?(LightOn) # P3(LightOn)
# P*(LightOn)

43



Data-driven TR

-
Definition 11.2.10 -- TR representation: Data-driven. The representation

R = ¢(X) is transportable from the source distributions [P under CMS
assumption if for every tuple of source and target SCMs

(/%611, /%2, e %5, M) and (M, /%,%, e /%5, %;f) that satisfy CMS and

entail P, it holds that E, ,:[Y | r] = E, Y | r] forallr € supp(R).

ES
P2

&

Q Transportable given €2

Non-transportable given &2

44



Exchangeable domains

a )
Lemma 11.2.12 -- Exchangeable domains. Under the assumption of Causal

Mechanistic Stability, there exists a possible target SCM that entails

P*(v) = PY(v) for each source distribution P’ € P.
. _J

Having exchangeable domains under CMS indicates a drawback of CMS in

comparison to the graphical assumptions, as elaborated in Ex. 11.23.

S US-IN

Example 11.23. Generalizing across economies
U : Government policy efficiency

Z : Technological innovations )

Y : Decision on significant economic reform

W : Economic growth rate D—»\



Exchangeable domains violated

Example 11.23. Generalizing across economies Sus-N

U : Government policy efficiency

Z : Technological innovations
Y : Decision on significant economic reform /QD\\
‘'z >

W : Economic growth rate

Representation R = ¢p(z, w) = (z, w) \
SCH-IN T~ S
[ US-CH
ly(z,w) = Epn[Y | z,w] et W)‘
B PIN(Y = l’z,w)
Yo P" (1z,w)

-~

O PH(Y =1,2)-PYS(w|Y =1,z2)

]EPIN [Y | Z,W] —
=0 P (y,2) - PUS(w | y,2)

Q=PN(y,z) - PN(w|y2)
=PN(y,z) - PP (w| y,2),

46



Invariance

a )
Corollary 11.2.13 -- Necessity of invariance. If a representation R = ¢(X) is

transportable from source distributions [P given CMS, then the score function is
iInvariant across all domains, i.e.,

EplY | r] =Ep[Y | r] =... = EplY | r] = Eps[Y | 1]

a )
Def. 11.2.11 -- Source invariance property. If the score function matches

between two sources ', /A, we denote it as INVl-,j[gb] :EplY | ] = EplY | r].

k
The source invariance property is defined as /\ INV; (¢), and in this case ¢ is
i,j=1

called an invariant representation.

N\ J
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r-faithfulness

a )
Assumption 11.2.14 -- r-faithfulness. The collection of source distributions

P = (Pl, P2, ..., Pk) is r-faithful to the selection diagram £ if for all
representations R = ¢(X) and forevery i,j € {1,2,...,K},
INV,(p) = S;; L, Y| Z,R"in%y,

Where Z = det(¢) and R" = ¢"(Z") denotes the constraints over the constrained

variables Z" = cons(¢).
. _J

a )
Theorem 11.2.15 -- Data-driven transportability. For a representation R = ¢(X),

under r-faithfulness, CMS, the score function l¢ : Ep«[Y | r] can be transported

from source distributions P if and only if ¢ satisfies the source invariance
property (sound and complete criterion for TR under CMS).

N\ J
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Summary

e One can extend the notion of transportability beyond just subsets of features by
considering arbitrary mappings called representations.

e On can use the selection diagrams to decide (algorithmically) whether a
representation is useful for generalization, i.e., the score function is computable
uniquely.

* We can relax the assumptions encoded in the selection diagram, and instead
use an implicit causal assumption we call Causal Mechanistic Stability (CMS).

e CMS is a strong assumption, since every representation that is TR under CMS is
invariant across the source domains.

e Additional regularity assumption (r-faithfulness) guarantees that source

invariance is the data-driven criterion for deciding TR under CMS.

How do we find invariant representations?
49




Searching for
Invariant representations

We showed that under CMS the only transportable representations are invariant

representations, but it remains a challenge to find such representations.

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Example 11.25. Finding invariant rep. e
4 N ( )
Sy U S\ (U
Sl2 xm SlZ
Sy SA\/X) >(\\}> Sy —>{ X (Y) [
- _ J J
- ! T > T
min D (P'(y | 7 -2, P2y | 7 - ) S
@ p

Corollary 11.2.16 -- impossibility of transport. Under CMS and r-faithfulness

assumptions, if (X) = Pay is not an invariant representation, then there exists
no transportable representation.

. J
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a-loss & a-risk

~

Definition 11.2.12 -- a-loss. For parameter a € (0,1), we construct a class-
sensitive loss function as follows:

X 1
LUy, y) i=—

a

Ay =05 =11+

1[y=1,Y=0].
—

For a classifier /1 : supp(X) — {0,1}, the expected a-loss under P(X, y) is

called a-risk, and is denoted by,

&

Rp(h) = Epl LY, (X))].

~

1

For example, E-Ioss Is the regular symmetric loss.

1

1

For a > — we incur larger loss for false negatives and for « < — we incur larger

loss for false positives.



Uniform invariant risk minimization

Definition 11.2.13 -- The optimization scheme

Idea: Find a representation such that for every level of class-

sensitivity a, the optimal classifier matches across the source
domains.
W )
min \n2o
0. {h%}acp,) =1

st. Vael0,1] Vie{l,2,....K}:h*€ argmin Zp(ho9)
h:supp(R)—{0,1}

Lagrangian, i.e., the corresponding penalized likelihood program:

min Y #h(yo0) +A- [ IVeHE (o 0)| - da
¢7{hg}a6[0,1] =1
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UIRM finds invariant reps

K 1 )
min XL (h2 o
¢,{h*}acpo, E{ P ( ?)
st. Vael0,1] Vie{l,2,...,K}:h*€ argmin Z%(ho¢)
h:supp(R)—{0,1}

UIRM constraints:

4 )
Proposition 11.2.17 -- Source invariance & UIRM. Under CMS and r-

faithfulness, a representation satisfies the source invariance property if and only
if it satisfies the UIRM constraints. Furthermore, any solution to UIRM satisfies

the source invariance property, thus, generalizes to the target domain under
CMS and r-faithfulness.

I\ J

Question: Can we use UIRM (penalized) for checking if there exists an invariant

representation?

Yes, tend 4 — 00 and see if the following diverges.

K 1 1 1
min Y %2 (h300) +A-/ Vo2 (h% 0 )||2 - dex
¢,{hg tacp,] =1 0
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Maximal transportable reps

4 )
Definition 11.2.17 -- Maximal TR reps. A representation ¢, is preferable to ¢, if

there exists a tuple of source and target SCMs (', >, . .., A%, H*) that

respect CMS and entails [P, where,

min X p(h, o ¢,) < min R, +(h, o P,).
hCl ha

A maximal TR rep is one that is preferable to all other transportable reps.

& J

There may be many maximal TR reps (akin to maximal TR feature sets).

( )

Theorem 11.2.18 -- Maximal TR & UIRM. Any solution to UIRM is a maximal
transportable representation.

I J
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Not all invariances are created equal:
Failure of DANN

Domain adversarial training of neural networks by Ganin et al. (2016) is a
practical implementation of a criterion proposed by Ben-David et al. (2006) that

summarizes as follows:

[ )
Theorem 2 -- Ben-David et al. (2006) (informal). A representation ¢

generalizes well from a single source to a target if P(¢(X)) ~ P*(¢(X)).
N J

Example 11.26 -- A failure case of DANN.

U ~ unif({1,2,...,100}) U ~ unif({1,2,...,100})
Uy ~ 4(0,1) Uy ~ A4 (0,1) *]

S
Xij<—oq-U X1+ a;-U+ 9
X5 —ap-U Xo—0-U+6 ’/’\\*
1fX+Uy >c 1f X+ Uy >c / ) . ' '
Y «+ Y «+ X2 Xl —>» Y

0 otherwise. /

0 otherwise.
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Not all invariances are created equal:
Failure of REx

Out-of distribution generalization via Risk Extrapolation by Krueger et al. (2020)

proposes matching the risk across the source domains, as expressed below:

Definition 11.2.17 — Variance Risk Extrapolation (V-REx).. The V-REx predictor is the so-
lution to the following optimization problem,

T
W' e argmin B -Var({Zpi(h), Zp:(h)...,Zpx(h)}) + Y Rpi(h),  (11.184)
h:supp(X)—{0,1} i=1

where 0 < B < oo penalizes the variation in the risk value across the source domains.

Example 11.27. Si
. Ux~Bem(0.9) 2 Ux ~Bem(0.1) —>e
Uy ~ Bern(0.9) Uy1 ~ Bern(0.9) Y Y
UYO ~ Bem(0.6) UY() ~ Bern(O.6)
X «+ Uyx X «+ Uy Hpi(h) =0.1-0.9+0.4-0.1 =0.15,

Y { Upp tX =1 ¥ {Un fX=1"" ZZp(h) =0.1-0.14+0.4-0.9 =0.37.
Uyy otherwise. Uyo otherwise.
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Not all invariances are created equal:

Causal balanced-rate classifiers

Matching other notions of error across the source domains yields

transportability.

False omission rate: FORP(h) = P(Y — 1 h(X) — ),
False discovery rate: FDRp(h) :=P(Y =0 |A(X)=1)

Definition 11.2.18 -- balanced rate classifiers

hg € Rpi
R h:supp —>{O 1}Z P

s.t.  FORpi(h) =FORp;(h), VP’ c PandFDRpi(k) = FDRp;(h), VP €P.

4 )

Theorem 11.2.22. Balanced rate classifiers generalize to the target domain
under CMS and r-faithfulness.

N\ J

57



Not all invariances are created equal:
Validity of Multi-Calibration for DG

Definition 11.2.19 — Multi-Calibrated score. A representation y(X) with the support [0, 1]
1s called a score function. It is calibrated w.r.t. the distribution P if,

Ve €[0,1] : EplY | w(X) =¢] =e. (11.205)

It 1s called multi-calibrated if it 1s calibrated w.r.t. all source distributions.

Lemma 11.2.23 — Source invariance & multi-calibration. If any representation R = ¢ (X)
satisfies the source invariance property, which is,

INV,i(9) :Ep[Y | 0(X) =1] =Ep[Y | 9(X) =1], VP P/ €P, (11.220)

then the score y(x) := En[Y | R = ¢(x)] (for any of the source distributions P’ € IP) is multi-
calibrated. Moreover, for every P’ € P,

Ipi (Y3 9(X)) = I (¥ w(X)), (11.221)

meaning that @ and y have equivalent prediction power on all source domains.
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Taxonomy of representations

—
All representations

—,

Transportable reps.

—

Invariant reps.

—

Multi-calibrated reps

—

Balanced-rate classifiers
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Summary

e Various notions of invariance have been explored for DG task.

e Not all of them are valid in the causal transportability framework.

e Even if an optimization scheme is valid, it is not easy to solve
them or arrive at good local minima using gradient-based
methods.

e Transportability under Causal Mechanistic Stability unifies some
of the existing work in DG, and extends their theoretical scope

beyond specific graphs and linear assumptions.
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